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Multiscale support vector regression method in Sobolev spaces on
bounded domains

Boxi Xu, Shuai Lu and Min Zhong∗
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In this paper, we investigate the multiscale support vector regression (SVR)
method for approximation of functions in Sobolev spaces on bounded domains.
The Vapnik ε-intensive loss function, which has been developed well in learning
theory, is introduced to replace the standard l2 loss function in multiscale least
squares methods. Convergence analysis is presented to verify the validity of the
multiscale SVR method with scaled versions of compactly supported radial basis
functions. Error estimates on noisy observation data are also derived to show
the robustness of our proposed algorithm. Numerical simulations support the
theoretical predictions.

Keywords: multiscale analysis; support vector approach; radial basis functions

AMS Subject Classifications: 65J10; 46E35

1. Introduction

The radial basis function (RBF) has formed an efficient mesh-less approximating tool and
been applied to varies of problems, for instance, in multivariate scattered data interpolation,
spline smoothing, numerical methods on partial differential equations, and inverse problems
(see [1–10] and references therein).

In modern approximation theory, RBF is firstly implemented to approximate an
unknown function defined on arbitrary dimensions and with arbitrary smoothness, see, for
instance, [10]. However, one has to consider the trade-off between approximating accuracy
and computational cost in practice.[11] The later introduced compactly supported radial
basis functions (CSRBFs) in [12–14], which reduce the computational cost by building
sparse collocation matrices but the approximate solution becomes radius dependent. More
precisely, by choosing a small support radius, one can build a well-conditioned sparse
collocation system thus with low computational cost but, nevertheless, the approximation
is not accurate. On the other hand, a large support radius yields good approximate solutions
at the expense of extremely ill-conditioned collocation matrix.

To balance the approximation accuracy and the computational cost with CSRBFs, a
natural idea is varying the support radius [12,15,16] and consequently multiple scales are

∗Corresponding author. Email: 09110180007@fudan.edu.cn
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Applicable Analysis 549

introduced which yield multilevel or multiscale type schemes.[17]Among the latter choices,
Wendland [17] developed a multiscale algorithm based on the least squares methods by
implementing CSRBFs for multivariate interpolation. For the first time, rigorous proofs
demonstrate that the multiscale approach obtains an excellent trade-off between superior
convergence rate and low computational costs. Later on, such an idea has been successfully
utilized for approximating functions on a sphere [18,19]; solving elliptic PDEs on a sphere
[20]; solving second-order elliptic PDEs by Galerkin method on bounded domains, and
Stokes problems [21,22] with zero boundary conditions.[23] Its performance on linear
ill-posed problems is also investigated in [24,25].

In this manuscript, based on the multiscale least squares method in [17], we extend
the multiscale analysis to the support vector regression (SVR) method. The SVR method,
which is also a variant of the support vector machine, has been developed in learning theory
by Boser et al. in [26] and further investigated by Vapnik in [27–29]. The SVR method
usually accomplishes with a cut-off parameter ε and the so-called Vapnik ε−intensive loss
function defined by

|x |ε =
{

0, for |x | ≤ ε;
|x | − ε, for |x | > ε.

By replacing the standard l2 loss function by the ε−intensive loss function in the data-
fitting term of least squares methods, we intend to overcome over-fitting of noisy data
which destroys the generalization characteristic of the target functions. An overview of
SVR methods and the classification of the Vapnik ε−intensive loss function can be found
in [30–33] and references therein. Inspired by the recent results in [34] concerning a priori
parameter choice strategies for SVR method on single-level data-set, our manuscript extends
both the SVR method and its error estimates to multiscale analysis, which provides a better
performance in practice.

The manuscript is organized as follows. Section 2 contains an overview of the prelim-
inary knowledge and presents the multiscale SVR approximation algorithm. Convergence
analyses for the approximation algorithm are carried out in Sections 3 and 4 for smooth and
rough functions, respectively. Section 5 devotes to the error estimate for noisy observation.
Finally, some numerical simulations in Section 6 show the efficiency of our proposed
multiscale algorithm.

2. Preliminary and Algorithm

2.1. RBFs and RKHS

ARBF � is a scalar function acting Rd → R. By defining a bounded domain � and choosing
a sampling data-set X = {x j ∈ � ⊂ Rd , 1 ≤ j ≤ N } with respect to two measures (the
fill distance h X and the separation distance qX )

h X := sup
x∈�

min
x j ∈X

∥∥x − x j
∥∥,

qX := min
j �=k

∥∥x j − xk
∥∥,

we can define a closed and finite dimensional approximation space

WX := span{�(· − x j ), 1 ≤ j ≤ N }.
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550 B. Xu et al.

Table 1. [10, Table 9.1] SPD
(

Rd)Wendland kernel functions with minimal degrees.

Dimension Index � Kernel functions pd,� Smoothness C2�

d = 1
0 (1 − r)+ C0

1 (1 − r)3+(3r + 1) C2

2 (1 − r)5+(24r2 + 15r + 3) C4

d = 2, 3

0 (1 − r)2+ C0

1 (1 − r)4+(4r + 1) C2

2 (1 − r)6+(35r2 + 18r + 3) C4

3 (1 − r)8+(32r3 + 25r2 + 8r + 1) C6

The discrete observation data-set g|X := {g j }N
j=1 is associated with the sampling data-set

X such that g j = f ∗(x j ) given a target function f ∗.
Typical choices of RBFs include thin-plate splines, Sobolev splines,[35]

multiquadrics,[36] Matern functions, and Wendland functions.[13,37] Numerical algo-
rithms can be easily realized on these kernel functions, especially when � is compactly
supported (for instance, Matern and Wendland kernels). In current work, we concentrate on
the Wendland kernels which are compactly supported strictly positive definite radial basis
functions (CS-SPD-RBFs).[13,14] These kernels are of the form

�d,� =
{

pd,�(r), 0 ≤ r ≤ 1;
0, 1 < r ,

with a univariate polynomial pd,� of the minimal degree � d
2 	 + 3� + 1. In Table 1, we list

some kernel functions with respect to the dimensionality and smoothness.
Taking the Fourier transform on �

�̂(ω) = (2π)−d/2
∫

Rd
�(x)e−i xT ωdx,

we observe that these Fourier coefficients satisfy

c1

(
1 + ‖ω‖2

)−τ ≤ �̂(ω) ≤ c2

(
1 + ‖ω‖2

)−τ

(1)

with two constants c2 ≥ c1 > 0 and τ = d/2 + � + 1/2. Referring to the following lemma
in [10], there is a intrinsic relation between reproducing kernel Hilbert spaces (RKHS) and
the standard Sobolev spaces H τ

(
Rd
)
, provided that τ > d

2 .

Lemma 2.1 [10,13] Suppose that the Fourier transform of an integrable function � :
Rd → R satisfies (1) with an arbitrary τ > d

2 . Then, the kernel function � is a reproducing
kernel of the Hilbert space (native space) N�

(
Rd
)
, with the inner-product

( f, g)� =
∫

Rd

f̂ (ω)ĝ(ω)

�̂(ω)
dω.
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Applicable Analysis 551

Furthermore, norms in N�

(
Rd
)

and H τ
(
Rd
)

are equivalent, i.e.

c1/2
1 ‖ f ‖� ≤ ‖ f ‖H τ (Rd) ≤ c1/2

2 ‖ f ‖�. (2)

Here and subsequently, we denote ‖·‖� as ‖·‖N�(Rd) for simplicity.

In view of the preceding lemma, the RBFs �d,� referring to Table 1 are reproducing
kernels of Hilbert spaces which are isomorphic to the standard Sobolev spaces
Hd/2+�+1/2

(
Rd
)
.

2.2. Function approximation by SVR method

In the sequel, we will confine our interests on the cases such that � := �d,� is a CS-SPD-
RBF. The goal to approximate or learn a function is to approximate its value from some
known discrete (maybe noisy) training observation data on one hand, and predict it on the
unknown data-set on the other hand.[32,38,39] Concerning the regression problem with the
Vapnik ε-intensive loss function, we introduce the following cost functional

1

N

N∑
j=1

| f (x j ) − g j |ε + γ ‖ f ‖2
�,

where there exists a minimizer (referring to [40]) with a regularization parameter γ > 0.
This minimizer can be represented by a linear combination of basic functions �(· − x j ),
i.e.

f =
N∑

j=1

α j�(· − x j ).

To numerically calculate the approximate solution, we introduce slack variables
a j , b j ≥ 0 for j = 1, 2, . . . , N . Thus, the minimization problem is equivalent to the
following constrained quadratic optimization problem, see, for instance, [41],

min
α,a,b∈RN ,a,b≥0

⎛⎝ 1

N

N∑
j=1

(
a j + b j

)+ γαT �Xα

⎞⎠ (3)

s.t. (�X ) j α − g j ≤ ε + a j , j = 1, · · · , N ,

− [(�X ) j α − g j
] ≤ ε + b j , j = 1, · · · , N ,

where �X ∈ RN×N is the symmetric collocation matrix with entries

(�X ) j i = �(xi − x j ), 1 ≤ i, j ≤ N .

Denoting 1N = (1, . . . , 1)T ∈ RN and z = (α, a, b)T ∈ R3N , the quadratic optimiza-
tion problem (3) can be written in the matrix form

min
z∈R3N

(
1

2
zT H z + cT z

)
s.t. Cz ≤ b, zN+1, · · · , z3N ≥ 0
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552 B. Xu et al.

with

H = 2

(
γ�X ON ,2N

O2N ,N O2N ,2N

)
∈ R3N×3N , c = 1

N

(ON

12N

)
∈ R3N ,

C =
(

�X −IN ,N ON ,N

−�X ON ,N −IN ,N

)
∈ R2N×3N , b =

(
g|X + ε1N

−g|X + ε1N

)
∈ R2N .

2.3. Multiscale SVR approximation algorithm

Main ingredients in the multiscale analysis are the multiple radius of the kernel functions.[17]
More precisely, instead of a single sampling data-set, we are dealing with a sequence of
sampling data-sets X1, X2, . . . , where Xk := {x (k)

j }Nk
j=1 and their fill distances hk := h Xk

monotonically decrease with a pre-specified constant μ ∈ (0, 1), i.e. hk+1 = μhk . Obser-
vation data are realized on the nested sampling data-sets and denoted by g|X1 , g|X2 , . . ..
For noisy data, we take the form of gδ|X1 , gδ|X2 , . . . with a superscript δ.

We choose an integrable CS-SPD-RBF � : Rd → R with a basic support radii in a unit
ball B(0, 1) and define a sequence of kernel functions �k : Rd → R in a scaled version:

�k(x, y) := η−d
k �

(
x − y

ηk

)
, (4)

where ηk is called the scaling parameter. For the sake of simplicity, we will assume ηk = νhk

with a constant ν > 0. In Figure 1, we illustrate two sets of scaled kernel functions whose
radius will decrease when the level increases.

Furthermore, assume that the basic kernel function � satisfies the condition (1), the
Fourier coefficients of its scaled version do not inherit such nice properties. Direct cal-
culation shows that the following inequality is satisfied for the scaled kernel function �k

c1

(
1 + η2

k ‖ω‖2
)−τ ≤ �̂k(ω) ≤ c2

(
1 + η2

k ‖ω‖2
)−τ

, ω ∈ Rd . (5)

The inequality (5) thus yields
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Figure 1. 1-D scaled C0 (left) and C2 (right) Wendland function �k(0, y) for k = 1, 2, 3.
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Applicable Analysis 553

Lemma 2.2 [17, Lemma 1] For every ηk ∈ (0, 1], �k is a kernel function and generates
a RKHS N�k

(
Rd
)

which is equivalent to H τ
(
Rd
)
. For all f ∈ H τ

(
Rd
)
, we have the

norm equivalency

c
1
2
1 ‖ f ‖�k

≤ ‖ f ‖H τ (Rd) ≤ c
1
2
2 η−τ

k ‖ f ‖�k
.

Here and subsequently, we denote ‖·‖�k
as ‖·‖N�k (Rd) for simplicity.

Our proposed multiscale SVR method is summarized as the following algorithm.

Algorithm 1 Multiscale SVR approximation algorithm

Input: Number of levels n, right-hand side gδ |X1 , . . . , gδ |Xn

Output: Approximate solution f δ
n = sδ

1 + · · · + sδ
n

1: Set f δ
0 = 0, eδ

0 = gδ

2: for k = 1, 2,…, n do
3: Determine a local approximate solution by

sδ
k = arg min

s∈H τ
(
Rd
)
(

1
Nk

Nk∑
j=1

∣∣∣eδ
k−1

(
x(k)

j

)
− s

(
x(k)

j

)∣∣∣
εk

+ γk ‖s‖2
�k

)
4: Set f δ

k = f δ
k−1 + sδ

k
5: Set eδ

k = eδ
k−1 − sδ

k |�
6: end for

This algorithm can be viewed as an extension of the original multiscale least squares
method in [17]. Defining

Wk = span
{
�k(·, x (k)

j ), j = 1, 2, . . . , Nk

}
,

Vk = W1 + · · · + Wk,

the local approximate solution sδ
k belongs to Wk and k-level approximate solution f δ

k ∈ Vk .
Meanwhile, the residual between the target function and the coarse mesh approximate
solution exists on the next scale. A finer data-set and a smaller support radius are chosen
to obtain another local approximate solution with even finer details. The sum of these
local approximate solutions is interpolated to yield a better approximation on the finer
grid. The whole process continues iteratively until a pre-specified level number is reached.
Additionally, referring to [17], for any fixed k ≥ 1, Vk is a closed and finite dimensional
subspace of L2

(
Rd
)

satisfying ∪∞
j=1Vj = L2

(
Rd
)
.

3. Multiscale SVR method for smooth functions

In this section, the target function f ∗ is assumed to be smooth enough such that f ∗ ∈ H τ (�).
Recall Algorithm 1, the local approximate solutions sk are obtained along the scaled kernels
�k defined in (4) with the noise-free observation data g|Xk (i.e. δk = 0). Notice that the
local approximate solution sk satisfies

sk = arg min
s∈H τ (Rd)

⎛⎝ 1

Nk

Nk∑
j=1

∣∣∣ek−1

(
x (k)

j

)
− s

(
x (k)

j

)∣∣∣
εk

+ γk ‖s‖2
�k

⎞⎠ (6)
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554 B. Xu et al.

and is defined on the whole domain Rd . Meanwhile, the target function f ∗ is defined on
a bounded domain � and we have to coordinate the difference between both functions.
Assuming that the bounded domain � owns a Lipschitz boundary, the following lemma
then holds true.

Lemma 3.1 [42] Suppose that the bounded domain � ⊂ Rd is open and has a Lipschitz
boundary. Let τ ≥ 0, there exists a bounded linear operator E : H τ (�) → H τ

(
Rd
)

such
that, for all f ∈ H τ (�), E f |� = f and

‖ f ‖H τ (�) ≤ ‖E f ‖H τ (Rd) ≤ Cτ ‖ f ‖H τ (�) ,

where the constant Cτ only depends on τ . Thus, the same operator E can be utilized for
any fixed τ ≥ 0.

The following sampling inequality in [43] is also important.

Lemma 3.2 [43] Let � ⊂ Rd be a bounded domain with a Lipschitz boundary and
constants θ , σ satisfy θ > σ + d/2. For any sampling data-set X ⊆ � with a sufficiently
small fill distance h, there exists a constant Cd := Cd(σ, d,�) > 0 such that ∀ f ∈ H θ (�)

‖ f ‖Hσ (�) ≤ Cd
(
hθ−σ ‖ f ‖H θ (�) + h−σ ‖ f ‖l∞(X)

)
.

In order to obtain the convergence analysis of our proposed algorithm, we summarize
the main assumptions as follows.

Assumption 3.2

A1 Let � ⊂ Rd be a bounded domain with a Lipschitz boundary;
A2 {X1, X2, . . . } forms a sequence of sampling data-sets. Each Xk has Nk sam-

pling points where the fill distance h1 is sufficiently small and hk+1 = μhk for
k = 1, 2, . . . with a fixed μ ∈ (0, 1). Moreover, these sets are quasi-uniform and
Nk ≤ ch−d

k with a constant c > 0;
A3 The basic kernel function � generates a RKHS equivalent to the Sobolev space

H τ (Rd), i.e. � satisfies (1) and �k is its scaled version defined by (4) with ηk = νhk

for a fixed constant ν > 0.

We establish the main theorem in this section for the convergence analysis of the
multiscale SVR approximation algorithm for a target function f ∗ ∈ H τ (�) with τ > d/2.

Theorem 3.3 Let Assumption 3.2 be valid. Furthermore, assume that the constants μ and
ν in A2-A3 satisfy 1/h1 ≥ ν ≥ T/μ with a constant T > 0. In addition, the observation
data are noise free and the target function f ∗ belongs to H τ (�), τ > d/2 satisfying

‖ f ∗‖H τ (�) < c
1
2
1 /Cτ with constants c1 in (1) and Cτ in Lemma 3.1.

At each level k, if we choose the cut-off parameter εk = 0 and the regularization
parameter γk

γk ≤
(

1

ν

)τ

hd
k ,
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Applicable Analysis 555

then there exists a constant C1 > 0, such that by additionally assuming p := C1μ
τ < 1,

‖Eek‖�k+1
< p ‖Eek−1‖�k

< 1, k = 1, 2, . . . , (7)

and another constant C > 0∥∥ f ∗ − fn
∥∥

L2(�)
< Cpn

∥∥ f ∗∥∥
H τ (�)

.

Proof Firstly, by above assumptions, there holds

‖Ee0‖�1
= ∥∥E f ∗∥∥

�1
≤ c

− 1
2

1 Cτ

∥∥ f ∗∥∥
H τ (�)

< 1.

Assuming the induction hypothesis ‖Eek−1‖�k
< 1, we obtain the following estimate for

‖Eek‖�k+1
by implementing (5),

‖Eek‖2
�k+1

=
∫

Rd

|Êek(ω)|2
̂�k+1(ω)

dω ≤ 1

c1

∫
Rd

|Êek(ω)|2(1 + η2
k+1 ‖ω‖2)τ dω

= 1

c1

(∫
‖ω‖≤ 1

ηk+1

+
∫

‖ω‖≥ 1
ηk+1

)
|Êek(ω)|2(1 + η2

k+1 ‖ω‖2)τ dω

:= 1

c1
(I1 + I2)

or similarly ‖Eek‖�k+1
≤ c

− 1
2

1 (
√

I1 +√
I2). We then estimate error estimates for these two

terms
√

I1,
√

I2 separately.
Using Lemmas 3.1 and 3.2,

√
I1 can be firstly estimated in the following sense√

I1 ≤ 2
τ
2 ‖Eek‖L2(Rd ) ≤ 2

τ
2 C0 ‖ek‖L2(�)

≤ 2
τ
2 C0Cd

(
hτ

k ‖ek‖H τ (�) + ‖ek‖l∞(Xk )

)
.

Considering the minimization problem (6) and taking Eek−1 = E f ∗ − s1 − . . . − sk−1 ∈
H τ

(
Rd
)

as a candidate, we obtain

ek−1|Xk = Eek−1|Xk ,

and the minimality of the cost function implies that

1

Nk

Nk∑
j=1

∣∣∣ek−1

(
x (k)

j

)
− sk

(
x (k)

j

)∣∣∣
εk

+ γk ‖sk‖2
�k

≤ 1

Nk

Nk∑
j=1

∣∣∣ek−1

(
x (k)

j

)
− Eek−1

(
x (k)

j

)∣∣∣
εk

+ γk ‖Eek−1‖2
�k

= γk ‖Eek−1‖2
�k

.
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556 B. Xu et al.

Thus, the induction hypothesis and Assumption 3.2 yield

‖ek‖l∞(Xk ) = ‖ek−1 − sk‖l∞(Xk )
= max

j=1,...,Nk

∣∣∣ek−1

(
x (k)

j

)
− sk

(
x (k)

j

)∣∣∣
≤ max

j=1,...,Nk

∣∣∣ek−1

(
x (k)

j

)
− sk

(
x (k)

j

)∣∣∣
εk

+ εk

≤
Nk∑
j=1

∣∣∣ek−1

(
x (k)

j

)
− sk

(
x (k)

j

)∣∣∣
εk

+ εk

≤ Nkγk ‖Eek−1‖2
�k

+ εk ≤ ch−d
k γk ‖Eek−1‖2

�k
+ εk

< ch−d
k γk ‖Eek−1‖�k

+ εk, (8)

and

‖sk‖�k
≤ ‖Eek−1‖�k

.

With ηk+1 < 1, Lemma 2.2 leads to

‖ek‖H τ (�) = ‖ek−1 − sk‖H τ (�)

≤ c
1
2
2 η−τ

k ‖Eek−1 − sk‖�k

≤ 2c
1
2
2 η−τ

k ‖Eek−1‖�k
. (9)

Combining inequalities (8) and (9) and the choices of parameters εk and γk , we obtain the
estimate for the term

√
I1,

√
I1 < 2

τ
2 C0Cd

(
2c

1
2
2

(
1

ν

)τ

‖Eek−1‖�k
+ ch−d

k γk ‖Eek−1‖�k
+ εk

)
≤ 2

τ
2 C0Cd

(
2c

1
2
2 + c

)(
1

ν

)τ

‖Eek−1‖�k

≤
2

τ
2 C0Cd

(
2c

1
2
2 + c

)
T τ

μτ ‖Eek−1‖�k
.

Noticing that ηk+1 ‖ω‖ ≥ 1 implies(
1 + η2

k+1 ‖ω‖2
)τ ≤ 2τ η2τ

k+1 ‖ω‖2τ ≤ 2τ η2τ
k+1

(
1 + ‖ω‖2

)τ

,

we then derive the estimate for the second term
√

I2, by the inequality (9),√
I2 ≤ 2

τ
2 ητ

k+1 ‖Eek‖H τ (Rd) ≤ 2
τ
2 Cτ η

τ
k+1 ‖ek‖H τ (�)

≤ 2
τ
2 +1c

1
2
2 Cτ

(
ηk+1

ηk

)τ

‖Eek−1‖�k

= 2
τ
2 +1c

1
2
2 Cτμ

τ ‖Eek−1‖�k
.
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Applicable Analysis 557

We thus obtain

‖Eek‖�k+1
< c

− 1
2

1

⎛⎜⎜⎝2
τ
2 C0Cd

(
2c

1
2
2 + c

)
T τ

+ 2
τ
2 +1c

1
2
2 Cτ

⎞⎟⎟⎠μτ ‖Eek−1‖�k

= C1μ
τ ‖Eek−1‖�k

.

If we additionally assume p := C1μ
τ < 1, it yields

‖Eek‖�k+1
< p ‖Eek−1‖�k

< 1.

Moreover, the error estimate between the approximate solution and the target one can be
derived by∥∥ f ∗ − fn

∥∥
L2(�)

= ‖en‖L2(�) ≤ Cd
(
hτ

n ‖en‖H τ (�) + ‖en‖l∞(Xn)

)
<

Cd

(
2c

1
2
2 + c

)
T τ C1

p ‖Een−1‖�n

< · · · <

Cd

(
2c

1
2
2 + c

)
T τ C1

pn ‖Ee0‖�1
≤

Cd

(
2c

1
2
2 + c

)
Cτ

T τ C1c
1
2
1

pn
∥∥ f ∗∥∥

H τ (�)

= Cpn
∥∥ f ∗∥∥

H τ (�)
,

which completes the proof. Thus, the multiscale SVR approximate solution fn converges
linearly to f ∗ in the space L2(�) provided with p < 1. �

4. Multiscale SVR method for rough functions

Convergence analysis in the previous section highly depends on the a priori knowledge
of the target function f ∗ ∈ H τ (�). More precisely, the regularity of the target function
should be known as a priori, which allows us to choose an appropriate kernel function and
generate a RKHS with the same regularity. For instance, Algorithm 1 is realized with the
scaled kernel function �k by the basic one � : Rd → R satisfying (1) and generating a
RKHS equivalent to H τ

(
Rd
)
.

However, in real situation, the regularity information of the target function is usually un-
known beforehand. In this section, we will investigate the error estimate for
Algorithm 1 when a rough target function f ∗ ∈ Hβ(�) ( d

2 < β ≤ τ) is considered.
We emphasize that such a case is not covered by Section 3 since ‖ f ∗‖H τ (�) might not be
bounded for f ∗ ∈ Hβ(�) with β < τ .

We note that the assumption β > d
2 is necessary to guarantee the boundedness of

point-wise evaluation, i.e. the target function is continuous. In addition, for the sake of
simplicity, we assume the kernel function of Hβ

(
Rd
)

is translation invariant and denoted
by � : Rd → R satisfying

�̂(ω) =
(

1 + ‖ω‖2
)−β

, ω ∈ Rd . (10)
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558 B. Xu et al.

Similarly, we define the scaled kernel functions with respect to � in the form

�k(x, y) = η−d
k �

(
x − y

ηk

)
.

It is worth to note that, since β is unknown, the basic kernel � and its associated scaled
versions �k only appear in theoretical analysis. Thus, their explicit forms are not necessary
to be known exactly.

Let

Bσ =
{

f ∈ L2
(

Rd
)

: supp( f̂ ) ⊂ B(0, σ )
}

,

where B(0, σ ) ⊂ Rd denotes a ball with the center 0 and a radius σ . To derive the
convergence analysis for rough functions, some result concerning the band-limited function
in [17] is necessary.

Lemma 4.1 [17, Lemma 5] Let f ∈ Hβ
(
Rd
)

with β > d
2 , and X ⊂ Rd be a finite

sampling data-set with the separation distance qX ≤ η given η ∈ (0, 1]. Choose σ = κη/qX

with a constant κ ≥ 1 depending on d and β. Then there exists a function fσ/η ∈ Bσ/η with
fσ/η|X = f |X and

∥∥ fσ/η

∥∥
�η

≤ Cbσ
τ−β ‖ f ‖�η

where �η and �η are scaled kernel functions with a scaling parameter η.

Referring to Lemma 4.1, for any fixed level k, although f ∗ ∈ Hβ(�) and Eek−1 =
E f ∗ − s1 − . . . − sk−1 ∈ Hβ

(
Rd
)
, the element (Eek−1)σk/ηk actually belongs to H τ (Rd)

if we assume qk := qXk with qk � hk or qk � ηk . Thus, we can take (Eek−1)σk/ηk as a
candidate of the minimization problem (6). Note that

(Eek−1)σk/ηk |Xk = Eek−1|Xk = ek−1|Xk .

Again since sk is the minimizer of the minimization problem (6), it follows that

‖ek‖l∞(Xk ) = ‖ek−1 − sk‖l∞(Xk )

≤
Nk∑
j=1

∣∣∣ek−1

(
x (k)

j

)
− sk

(
x (k)

j

)∣∣∣
εk

+ εk

≤ Nkγk
∥∥(Eek−1)σk/ηk

∥∥2
�k

+ εk

≤ cC2
b h−d

k γkσ
2τ−2β
k ‖Eek−1‖2

�k
+ εk, (11)

where the last inequality is directly from Lemma 4.1, and the following inequality holds as
well

‖sk‖�k
≤ ∥∥(Eek−1)σk/ηk

∥∥
�k

≤ Cbσ
τ−β
k ‖Eek−1‖�k

.
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Applicable Analysis 559

Moreover, referring to (5) and (10), there holds

‖sk‖2
�k

=
∫

Rd

|ŝk(ω)|2
�̂k(ω)

dω =
∫

Rd
|ŝk(ω)|2

(
1 + η2

k‖ω‖2
)β

dω

≤
∫

Rd
|ŝk(ω)|2

(
1 + η2

k‖ω‖2
)τ

dω

≤ c2

∫
Rd

|ŝk(ω)|2
�̂k(ω)

dω = c2 ‖sk‖2
�k

.

Thus, the following estimate can be derived:

‖ek‖Hβ(�) = ‖ek−1 − sk‖Hβ(�) ≤ ‖Eek−1 − sk‖Hβ(Rd)

≤ η
−β
k ‖Eek−1 − sk‖�k

≤ η
−β
k

(‖Eek−1‖�k
+ ‖sk‖�k

)
≤ η

−β
k

(
1 + c

1
2
2 Cbσ

τ−β
k

)
‖Eek−1‖�k

. (12)

Now, we are ready to prove convergence results of the multiscale SVR approximation
algorithm for rough functions.

Theorem 4.2 Let Assumption 3.2 be valid. Furthermore assume that the constants μ

and ν in A2–A3 satisfy 1/h1 ≥ ν ≥ T/μ ≥ 1 with a constant T > 0. The fill distances
h1, h2, . . . and separation distances q1, q2, . . . satisfy qk ≤ hk ≤ cqqk, cq > 1 in each
level for k = 1, 2, . . . . In addition, the observation data are noise free and the target function
f ∗ belongs to Hβ(�), d/2 < β ≤ τ satisfying ‖ f ∗‖Hβ(�) < 1/Cβ with a constant Cβ in
Lemma 3.1.

At each level k, if we choose the cut-off parameter εk = 0 and the regularization
parameter γk

γk ≤
(

1

ν

)β

hd
k ,

then there exists a constant C2 > 0, such that, by additionally assuming p := C2μ
β < 1,

‖Eek‖�k+1
< p ‖Eek−1‖�k

< 1 for k = 1, 2, . . . , (13)

and another constant C > 0∥∥ f ∗ − fn
∥∥

L2(�)
< Cpn‖ f ∗‖Hβ(�).

Proof Firstly, by above assumptions, we obtain

‖Ee0‖�1
= ‖Ee0‖Hβ(Rd) ≤ Cβ

∥∥ f ∗∥∥
Hβ(�)

< 1.

To obtain the inequality (13), similar arguments of Theorem 3.3 will be utilized. In fact,
we assume ‖Eek−1‖�k < 1 and estimate

‖Eek‖�k+1
=
(∫

Rd
|Êek(ω)|2

(
1 + η2

k+1 ‖ω‖2
)β

dω

) 1
2

≤ √
I1 +√

I2,
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560 B. Xu et al.

where

I1 :=
∫

‖ω‖≤ 1
ηk+1

|Êek(ω)|2
(

1 + η2
k+1 ‖ω‖2

)β

dω,

I2 :=
∫

‖ω‖≥ 1
ηk+1

|Êek(ω)|2
(

1 + η2
k+1 ‖ω‖2

)β

dω.

Concerning the choice of parameters εk , γk , Lemma 3.1, the sampling inequality and
both estimates (11) and (12), we can derive the estimate for the first item√

I1 ≤ 2
β
2 ‖Eek‖L2(Rd) ≤ 2

β
2 C0 ‖ek‖L2(�)

≤ 2
β
2 C0Cd

(
hβ

k ‖ek‖Hβ(�) + ‖ek‖l∞(Xk )

)
≤ 2

β
2 C0Cd

((
1

ν

)β (
1 + c

1
2
2 Cbσ

τ−β
k

)
‖Eek−1‖�k

+ cC2
b h−d

k γkσ
2τ−2β
k ‖Eek−1‖2

�k
+ εk

)
< 2

β
2 C0Cd

(
1 + c

1
2
2 Cbσ

τ−β
k + cC2

bσ
2τ−2β
k

)(
1

ν

)β

‖Eek−1‖�k

≤
2

β
2 C0Cd

(
1 + c

1
2
2 Cbσ

τ−β
k + cC2

bσ
2τ−2β
k

)
T β

μβ ‖Eek−1‖�k
.

The second item is estimated by (12) such that√
I2 ≤ 2

β
2 η

β

k+1 ‖Eek‖Hβ(Rd) ≤ 2
β
2 Cβη

β

k+1 ‖ek‖Hβ(�)

≤ 2
β
2 Cβ

(
ηk+1

ηk

)β (
1 + c

1
2
2 Cbσ

τ−β
k

)
‖Eek−1‖�k

= 2
β
2 Cβ

(
1 + c

1
2
2 Cbσ

τ−β
k

)
μβ ‖Eek−1‖�k

.

Combining these two items and noticing that σk = κηk/qk ≤ κνcq , we thus have
proven

‖Eek‖�k+1
< C2μ

β ‖Eek−1‖�k

by adjusting the constant C2 appropriately. If we additionally assume p := C2μ
β < 1

and implement the sequence estimate (13), the theorem can be proven following similar
arguments of Theorem 3.3. �

5. Multiscale SVR method with noisy observation data

Previous analysis depends on the fact that all the nested observation data are noise free.
Nevertheless, in real function approximation, the observation data are sometimes contam-
inated by noise. These noisy data might not fit any target function which belongs to a
certain Sobolev space H τ (�), τ > d/2. Thus, Algorithm 1 becomes more sophisticated
and depends on various parameters that have to be finely tuned.
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Applicable Analysis 561

In this section, we investigate the performance ofAlgorithm 1 towards noisy observation
data of a smooth function. More precisely, assume that the target function f ∗ belongs to
H τ (�), the nested observation data gδ|X1 , gδ|X2 , . . . contain some noise such that∥∥gδ − f ∗∥∥

l∞(Xk )
≤ δk . (14)

Algorithm 1, at each level k, then provides the local approximate solution sδ
k satisfying

sδ
k = arg min

s∈H τ (Rd)

⎛⎝ 1

Nk

Nk∑
j=1

|eδ
k−1

(
x (k)

j

)
− s

(
x (k)

j

)
|εk + γk ‖s‖2

�k

⎞⎠ . (15)

Defining a new function Eek−1 = E f ∗ − sδ
1 − . . . − sδ

k−1 which belongs to H τ
(
Rd
)
, we

derive

1

Nk

Nk∑
j=1

∣∣∣eδ
k−1

(
x (k)

j

)
− Eek−1

(
x (k)

j

)∣∣∣
εk

= 1

Nk

Nk∑
j=1

∣∣∣gδ
(

x (k)
j

)
− E f ∗ (x (k)

j

)∣∣∣
εk

≤ 1

Nk
· Nk · (δk − εk)+ = (δk − εk)+.

Let Assumption 3.2 hold true, choose the cut-off parameters εk = δk (or equivalently
(δk − εk)+ = 0) and use the minimality of the functional in (15), we have

‖ek‖l∞(Xk ) = ∥∥ek−1 − sδ
k

∥∥
l∞(Xk )

≤ ∥∥ek−1 − eδ
k−1

∥∥
l∞(Xk )

+ ∥∥eδ
k−1 − sδ

k

∥∥
l∞(Xk )

≤ δk +
Nk∑
j=1

∣∣∣eδ
k−1

(
x (k)

j

)
− sδ

k

(
x (k)

j

)∣∣∣
εk

+ εk

≤ δk + Nk(δk − εk)+ + Nkγk ‖Eek−1‖2
�k

+ εk

≤ 2δk + ch−d
k γk ‖Eek−1‖2

�k
, (16)

and, ∥∥sδ
k

∥∥
�k

≤
√

(δk − εk)+
γk

+ ‖Eek−1‖�k
=‖Eek−1‖�k

.

The following inequality then holds true

‖ek‖H τ (�) = ∥∥ek−1 − sδ
k

∥∥
H τ (�)

≤ c
1
2
2 η−τ

k

∥∥Eek−1 − sδ
k

∥∥
�k

≤ 2c
1
2
2 η−τ

k ‖Eek−1‖�k
. (17)

With both above inequalities (16) and (17), we summarize the error estimate between the
multiscale SVR approximate solution f δ

n and the target function f ∗ for noisy observation
data.

Theorem 5.1 Let Assumption 3.2 be valid. Furthermore, assume that the constants μ and
ν in A2 and A3 satisfy 1/h1 ≥ ν ≥ T/μ with a constant T > 0. In addition, assume that

the target function f ∗ belongs to H τ (�) with ‖ f ∗‖H τ (�) < c
1
2
1 /Cτ , and the observation

data gδ|Xk for k = 1, 2, . . . contain some noise satisfying (14) with noise levels δk .
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562 B. Xu et al.

At each level, if we choose the cut-off parameter εk = δk and the regularization
parameter γk

γk ≤
(

1

ν

)τ

hd
k ,

then there exist constants C3, C4 > 0, such that

‖Eek‖�k+1
< C3μ

τ ‖Eek−1‖�k
+ C4δk . (18)

Denoting p := C3μ
τ and further assuming p + C4δk < 1, then there exists a constant C

such that

∥∥ f ∗ − f δ
n

∥∥
L2(�)

< C

⎛⎝pn
∥∥ f ∗∥∥

H τ (�)
+

n−1∑
j=0

p jδn− j

⎞⎠ .

Proof The proof is similar to that of Theorem 3.3 by splitting

‖Eek‖�k+1
≤ 1

c
1
2
1

⎡⎣(∫
‖ω‖≤ 1

ηk+1

|Êek(ω)|2
(

1 + η2
k+1 ‖ω‖2

)τ

dω

) 1
2

+
(∫

‖ω‖≥ 1
ηk+1

|Êek(ω)|2
(

1 + η2
k+1 ‖ω‖2

)τ

dω

) 1
2
⎤⎦

:= 1

c
1
2
1

(√
I1 +√

I2

)
.

To estimate the first term
√

I1, we recall Lemma 3.1, the sampling inequality, both
estimates (16) and (17) and the choice of εk and γk such that√

I1 ≤ 2
τ
2 C0 ‖ek‖L2(�)

≤ 2
τ
2 C0Cd

(
hτ

k ‖ek‖H τ (�) + ‖ek‖l∞(Xk )

)
≤ 2

τ
2 C0Cd

(
2c

1
2
2

(
1

ν

)τ

‖Eek−1‖�k
+ c

(
1

ν

)τ

‖Eek−1‖2
�k

+ 2δk

)

<

2
τ
2 C0Cd

(
2c

1
2
2 + c

)
T τ

μτ ‖Eek−1‖�k
+ 2

τ
2 +1C0Cdδk

with an additional hypothesis ‖Eek−1‖�k
< 1.

The second term
√

I2 can be estimated as follows:√
I2 ≤ 2

τ
2 Cτ η

τ
k+1 ‖ek‖H τ (�) ≤ 2

τ
2 +1c

1
2
2 Cτμ

τ ‖Eek−1‖�k
.

Combining both terms, we derive
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Applicable Analysis 563

‖Eek‖�k+1
<

2
τ
2

c
1
2
1

⎛⎜⎜⎝C0Cd

(
2c

1
2
2 + c

)
T τ

+ 2c
1
2
2 Cτ

⎞⎟⎟⎠μτ ‖Eek−1‖�k
+ 2

τ
2 +1C0Cdδk

:= C3μ
τ ‖Eek−1‖�k

+ C4δk := p ‖Eek−1‖�k
+ C4δk

< 1,

by induction and noticing the assumption ‖Ee0‖�1
≤ c

− 1
2

1 Cτ ‖ f ∗‖H τ (�) < 1.
Finally, by utilizing the above inequality (18) and further assumptions, it is easy to

derive

∥∥ f ∗ − f δ
n

∥∥
L2(�)

= ‖en‖L2(�) ≤ Cd
(
hτ

n ‖en‖H τ (�) + ‖en‖l∞(Xn)

)
<

Cd

(
2c

1
2
2 + c

)
C3T τ

p ‖Een−1‖�n
+ 2Cdδn

<

Cd

(
2c

1
2
2 + c

)
C3T τ

p
(

p ‖Een−2‖�n−1
+ C4δn−1

)
+ 2Cdδn

< · · · <

Cd

(
2c

1
2
2 + c

)
C3T τ

⎛⎝pn ‖Ee0‖�1
+ C4

n−1∑
j=1

p jδn− j

⎞⎠+ 2Cdδn

< C

⎛⎝pn
∥∥ f ∗∥∥

H τ (�)
+

n−1∑
j=0

p jδn− j

⎞⎠
by adjusting the constant C appropriately. �

In most applications, the known data are usually observed only once, which allows us
to obtain a full observation data gδ|X with

∥∥gδ − f ∗∥∥
l∞(X)

≤ δ. We then split X into nested
data-sets X1, X2, · · · satisfying X = ∪n

k=1 Xk . In this case, we have δ1 = δ2 = · · · = δn = δ

and Theorem 5.1 turns into

Theorem 5.2 Under all assumptions in Theorem 5.1, if δk = δ for each k = 1, 2, . . . ,
with the same constant C, we have

∥∥ f ∗ − f δ
n

∥∥
L2(�)

< C

(
pn
∥∥ f ∗∥∥

H τ (�)
+ 1 − pn

1 − p
δ

)
.

Thus, if we further assume p < 1 and let n go to infinity, the error between multiscale SVR
approximate solution f δ

n and the target function f ∗ in the L2 norm can be bounded by
Cδ/(1 − p).
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564 B. Xu et al.

6. Numerical examples

6.1. Multiscale SVR method for smooth functions

In this subsection, we firstly illustrate the performance of our proposed Algorithm 1 for
smooth functions whose error estimate is established in Section 3. To this end, we define a
bounded domain � = [−1, 1] ⊂ R1 and the target function is chosen in such a way

f ∗(x) = sin(πx) + cos(πx).

The nested sampling data-sets are equally distributed in the bounded domain � with
increasing discrete levels N = {25, 50, 100, 200, 400}. We choose the basic kernel function
�1,1 ∈ C2(R1) which generates a RKHS H2(R1) and build its associated scaled versions.

Let εk = 0 and γk = 0.1hk for k = 1, 2, . . . , Table 2 collects the quantity information
including the discrete levels Nk , fill distances hk , absolute errors in l2 norm and l∞ norms,
respectively. As the theorem predicts, these errors are monotonically decreasing as the level
increases which confirms the reliability of the multiscale SVR approximation algorithm.
We note that convergence rate of the algorithm can be partially observed from the final
column in Table 2.

A second example is displayed in R2. Let � = [0, 1] × [0, 1] ⊂ R2, the target function
is the standard Franke function, which is a sum of four exponentials. This time, we choose
the basic kernel function �2,1 ∈ C2

(
R2
)

which generates the RKHS H2.5(R2). The nested
sampling data-sets are divided into five levels and equally distributed in �, with discrete
levels N = {9, 25, 81, 189, 441}. Referring to Theorem 3.3, after choosing εk = 0 and
γk = 0.1h2

k for k = 1, 2, . . . , we obtain the final approximate solution f5 which is plotted
in left panel of Figure 2, where in right panel we present the associated error e5. For
comparison, we provide the approximate solution on the single mesh with the basic kernel
function in Figure 3 with larger associated error.

6.2. Multiscale SVR method for rough functions

The performance of Algorithm 1 for rough functions is presented in this subsection. We
choose the target function

f ∗(x) = 2 min(x, 1 − x),

defined on � = [0, 1] and belongs to H 1(�). Let N = {25, 50, 100, 200, 400} and the
basic kernel function �1,1 ∈ C2(R1) which generates a RKHS equivalent to H 2(R1).
Choosing the cut-off parameter εk = 0 and γk = 0.1hk for k = 1, 2, . . . , the convergence

Table 2. (Smooth function) Quantity information at each level.

level Nk hk l2 error l∞ error log 1
‖ fk− f ∗‖l2

1 25 0.08 0.088408 0.030131 1.05
2 50 0.04 0.001358 0.000499 2.87
3 100 0.02 0.000061 0.000045 4.21
4 200 0.01 0.000019 0.000010 4.72
5 400 0.005 0.000015 0.000004 4.82
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Figure 2. (Smooth function) Multiscale SVR approximate solution f5 (left). Error between f5 and
f ∗ (right).
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Figure 3. (Smooth function) Single mesh SVR approximate solution (left). Error between the
approximate solution and f ∗ (right).
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Figure 4. (Rough function) Multiscale SVR approximate solution fk with respect to the rough target
solution f ∗. Left: k = 1; Middle: k = 3; Right: k = 5.

behavior can be observed in Figure 4, where we present the comparison between multiscale
SVR approximate solutions fk with k = 1, 3, 5 and the target function f ∗. Table 3 collects
the detailed quantity information for these approximate solutions.

For comparison, we choose another kernel function �1,0 ∈ C(R1) which generates a
RKHS equivalent to H1(R1) where the target function f ∗ belongs. The associated l2 error
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566 B. Xu et al.

Table 3. (Rough function) Quantity information for the approximate solution of rough functions with
oversmoothing kernels.

level Nk l2 and l∞ error (�1,0) l2 and l∞ error (�1,1) l2 and l∞ error (�1,2)

1 25 0.2117 and 0.0789 0.7166 and 0.1438 0.7832 and 0.1525
2 50 0.0717 and 0.0402 0.1192 and 0.0419 0.1548 and 0.0498
3 100 0.0278 and 0.0203 0.0177 and 0.0100 0.0413 and 0.0194
4 200 0.0120 and 0.0103 0.0059 and 0.0028 0.0072 and 0.0043
5 400 0.0051 and 0.0051 0.0019 and 0.0017 0.0015 and 0.0010

in Table 3 shows that the oversmoothing kernel function provides better approximation.
Furthermore, we choose another oversmoothing kernel function �1,2 ∈ C4(R1) which
generates a RKHS equivalent to H3(R1), but the approximate solution does not improve
significantly. This observation consists with our theoretical prediction in Theorem 4.2 where
convergence of the proposed algorithm depends on the regularity of the target function f ∗
instead of the kernel function smoothness.

6.3. Multiscale SVR approximation algorithm for noisy observations

Finally, we test our proposed Algorithm 1 for the noisy observation data. Choosing the
same target functions in Section 6.1, we add a uniform distributed noise on the observation
data with a uniform noise level δ = 0.02. Cut-off parameters in the algorithm are chosen
as εk = δ and regularization parameters satisfy γk = 0.1hk (1D) and γk = 0.1h2

k (2D),
respectively.

For comparison, we implement the multiscale least squares method in [17] with the l2

loss function. Note that in [17], there is no specific discussion on the choices of regularization
parameters γk for noisy data but with a suggested bound γk ≤ κ(hk/ηk)

τ of a constant level.
In current subsection, we fix the regularization parameters γk = 1 for the algorithm in [17].

Absolute errors for our proposed multiscale SVR approximation algorithm and the one
in [17] are plotted in Figure 5. The quantity information including associated l2 and l∞
errors for both methods are presented in Table 4. These results show that the multiscale
SVR approximation algorithm outperforms the standard one in [17] in these two examples.
The payment for the better approximation is that we have to realize the minimization
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Figure 5. (Noisy observation) 1-D example, the comparison between f δ
5 and f ∗ (left), the absolute

error for multiscale SVR approximation (middle) and multiscale interpolation approximation in [17]
(right).
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Table 4. (Noisy observation) Quantity information at each level for noisy observation. With
comparison to the multiscale algorithm in [17].

level Nk hk l2 error l∞ error l2 error ([17]) l∞ error ([17])

1 25 0.08 0.276960 0.067304 4.355177 0.582446
2 50 0.04 0.169420 0.041949 0.541138 0.156109
3 100 0.02 0.126160 0.027322 0.142034 0.046003
4 200 0.01 0.067832 0.012057 0.085910 0.019722
5 400 0.005 0.049519 0.012057 0.100854 0.019679
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Figure 6. (Noisy observation) Multiscale SVR approximation f δ
5 (left). Error between f δ

5 and f ∗
(Middle). Error between single mesh SVR approximation algorithm and f ∗ (Right).

problem (15) at each step which consumes more computational costs compared with the
standard one in [17]. Both the multiscale SVR approximate solution and the single mesh
SVR approximate solution for the 2D example are presented in Figure 6, where we can
observe the efficiency of our proposed algorithm.
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